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1≤ p ≤ 2

Framework and risk measures

(

)

Consider a time period [0,T], and the probability space Ω, Σ, (Σ t )t∈[ 0,T ] , Ρ
composed of the set of states of the world, the filtration indicating the arrival
of information such that Σ 0 = {φ , Ω} and Σ T = Σ , and the probability measure.
Pay-offs at T that are reachable by self-financing portfolios will belong to L2 ,
and therefore they will have finite expectation and variance.
To simplify the exposition let us assume that the market is complete, i.e.,
every element in L2 is a reachable pay-off.
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A risk measure will be a continuous function ρ : L → R . Some of them may
2
be extended beyond L . For instance, The CVaR may be continuously
1
extended to L .
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RISK MEASURES: PROPERTIES AND KINDS

ρ ( y + k) = ρ (y) − k
ρ (ky) = kρ ( y ), k > 0

a) Translation invariant
b) Homogeneous

ρ ( y + y ' ) ≤ ρ ( y ) + ρ ( y ')
d) Decreasing
y ≤ y ' ⇒ ρ ( y ) ≥ ρ ( y ')
e) Mean dominating ρ ( y ) ≥ − E ( y )
c) Sub-additive

Coherent: a), b), c), d) (CVaR, DPT, Wang WCVaR)
Expectation Bounded: a), b), c), e) (CVaR, DPT, Wang WCVaR)
VaR does not satisfy c) or e)
There are also convex m, consistent m, satisfying m, risk indices, etc.
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RISK MEASURES: REPRESENTATION
For expectation bounded or coherent risk measures we have

ρ ( y ) = Max{− E ( yz ); z ∈ ∆ ρ }
where the sub-gradient is given by

{

}

∆ ρ = z ∈ L2 ; ρ ( y ) ≥ − E ( yz ), ∀y ∈ L2 ,
and is convex and weakly*-compact. If the measure may be extended to

Lp ,1 ≤ p < 2,

then the sub-gradient is in

For instance, for CVaR we have
∞
CVaR

∆

{

Lq , (1 / p ) + (1 / q ) = 1.

}

= z ∈ L ; E ( z ) = 1,0 ≤ z ≤ 1 /(1 − µ 0 )
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Pricing rules
The SDF zπ is the pay-off (wealth at T) of a particular portfolio. It is attainable
and unique, it provides us with the pricing rule

π (y) = e
To prevent the arbitrage
obvious.

− rf T

zπ > 0

E ( yzπ ).

must hold, and

E ( zπ ) = 1 is

Actually, the SDF is the density function between the physical and the risk
neutral probability

dQ
zπ =
dP
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EXAMPLE: THE BLACK AND SCHOLES MODEL
•Under the Black and Scholes model the SDF satisfies the LogNormal distribution

 σ 2 

T + σ T ω .
y = y0 Exp  r −

2




 a2

zπ (ω) = Exp − − aΦ−1(ω),
 2


a=

r − rt

σ

T.
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The classical portfolio theory, the market portfolio and the CAPM.
(Risk = Standard Deviation)
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Beyond the CAPM. Portfolio theory with complete markets and
risk measures

ρ ( y)
Min

π ( y) ≤ 1


E ( y) ≥ R

2

y∈L
We minimize the risk level with a required minimum expected return.
If the risk measure is the Standard Deviation then this is an extension
of the Markowitz model.
A linear dual problem and necessary and sufficient optimality
conditions may be derived.
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Beyond the CAPM. Portfolio theory with complete markets and
risk measures

Max






(R − e )λ − e
rT

rT

z = (1 + λ )zπ − λ
z ∈ ∆ρ
λ≥0

(

) ( )
( )
( )
(
)

E y* z* ≤ E y* z , ∀z ∈ ∆ ρ

*
 E y =R

*
π
y
=1


y* , z * , λ
feasible

are the dual problem and the optimality conditions, respectively.
The dual constraints and the dual solution do not depend on R.
There is no duality gap.
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Compatibility and strong compatibility between prices and risks
Max






(R − e )λ − e
rT

rT

z = (1 + λ )zπ − λ
z ∈ ∆ρ
λ ≥0

Dual problem

a)If the dual problem is not feasible then the portfolio choice problem is unbounded for
ever R. We can construct sequences of priced one portfolios such that

(ρ ( y n ), Ε( y n )) → (− ∞,+∞ )
The pricing rule and the risk measure are not Compatible.
rT

b) If λ = 0 for every dual-feasible couple then the optimal risk level is − e , which
does not depend on R. In such a case the sequences satisfy
(ρ ( yn ), Ε( yn )) → − e rT ,+∞
The pricing rule and the risk measure are compatible but not Strongly
Compatible.
c) A dual solution with λ > 0 leads to a Strongly Compatible pricing rule and risk
11
measure

(

)

Compatibility and strong compatibility between prices and risks
The dual constraint leads to

zπ =

1
λ
z+
1+ λ
1+ λ

and the SDF is a Linear Convex Combination of the risk measure sub-gradient
and the riskless asset. Furthermore, if there is Strong Compatibility then the
weight of the riskless asset is strictly positive! Thus,

zπ ≥

λ
1+ λ
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Compatibility and strong compatibility between prices and risks
Theorem Suppose that

P{zπ < δ} > 0
holds for every positive number. If the risk measure is coherent and expectation
bounded, then the pricing rule and the risk measure are not strongly compatible.
------------------------------Thus, caveats (risk, return)=(-infinite, infinite) or (risk, return) = (constant,
infinite) will hold.
------------------------------------The given condition does not depend on the risk measure. Only the pricing rule
matters.
-----------------------------LOG-NORMAL or HEAVIER TAILED distributions provoke a caveat for every
coherent and expectation bounded risk measure.
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Compatibility and strong compatibility between prices and risks

Unbounded from below Stochastic Discount Factors lead to
VERTICAL Capital Market Lines (or even worst).
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.

The lack of strong compatibility cannot be overcome in a
Gaussian word or a heavier tailed one. Are there theoretical
solutions to this caveat?
Constraint

zπ ≥

λ
(1)

1+ λ

is difficult to satisfy in a continuous time pricing model. For instance, if the SDF is the final (at T)
value of a positive price Lévy process

(ST )0≤t ≤T

whose logarith has stationary and independent increments, then for every natural n



Log (ST ) = Log (S 0 ) + ∑  Log  S iT

i =1 
 n
n



 − Log  S (i −1)T



 n






and the Central Limit Theorem will make it rather difficult the fulfillment of (1). In order to overcome
this drawback we have to deal with non-stationary (or independent) increments, and look for the
fulfillment of (1).
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Empirical evidence. Can we outperform the market portfolio in
practice?
We have been testing several particular securities. In this presentation we report some
reports for three stock indices (SP500, EU50 and DAX) and three commodities (GOLD,
BRENT and a DJ commodity index).
The selected risk measure is the CVaR, and we have considered the Black and
Scholes model. They are not compatible, so the caveat (risk, return)=(-infinite,
infinite) holds.
Dealing with both the primal and the dual portfolio choice problems we can compute a
portfolio whose (risk, return) outperforms the values of the index. This portfolio is a
derivative whose Delta may be computed.
Once a day we have computed Delta for a given horizon (T=1/2 or T=1). We trade
Delta futures and one day later we rebalance the position according to the variation of
Delta. The horizon is extended one day per day. The strategy is always self-financing,
so no investment is required.
16

DAX (best performance for indices)
Total amount evolution for the period September, 9th, 1997 – March, 31st, 2011.
Maturity = one year, decay rate = 0.

Maturity = half a year, decay rate = 0.

.
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SP500
High decay rates lead to much better performances.
Tested period, December 12nd, 1997 – March, 3th, 2011.
Maturity = one year and historical volatility
Same maturity. VIX as a volatility predictor

.
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EU50 (worst performance for indices)
Much better if high decay rates and long maturities (one year). Reporting results with 70% as a level of confidence.
Empirical performance improves for 90%
Maturity = 1 year
Maturity = half a year

.
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BRENT
Null decay rate for commodities.
Maturity = half a year
Maturity = 1 year.

.
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GOLD (best performance)
The decay rate must vanish.
One year
Half a year

.
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DJUBS (worst performance)
At 70% the performance is very poor. It improves as the level of confidence increases.
Maturity =six months, Decay rate = 10, Confidence level = 99%
Maturity = 1 year, Decay rate = 1, Confidence level = 70%
.
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Ambiguity
Ambiguity with respect to the parameters (risk-free rate, drift and volatility)
may be incorporated. This test is implemented with three different probability
spaces.

DAX

SP500

EU50
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Ambiguity
BRENT

GOLD

DJUBS
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Diversified strategies
Next let us deal with the naive diversification. Most sophisticated ones could be tested.
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What about market imperfections?
SP500, November 6th, 1998 – November, 22nd, 2011.
The number of traded futures must be integer.
Two times the margin with null interest rate.
Only 20% of the total amount is invested in futures. The rest is invested in the risk free
asset (once we remove the margins two times).

Despite the fact that these conditions are very restrictive and
conservative, the results are surprising.

26

What about market imperfections?
Average risk-free rate = 0.02836458
Average annual return = 0.03966236
Average SP500 future annual return = 0.01920977
Realized volatility = 0.09921079
SP500 future annual realized volatility = 0.22444929
SP500 future evolution
Proposed strategy evolution
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Evolución del SP500

Conclusions
• Risk measures are becoming more and more used in actuarial and financial problems.
•Portfolio choice problems may be extended in such a way that a coherent risk measure replaces
the standard deviation.
•If we try two solve a portfolio choice problem in a complete pricing model, and the SDF tail is given
by the Log-Normal or a heavier tailed distribution, then we will have a meaningless solution for every
coherent risk measure.
•For some examples (CVaR) both risk and return are unbounded (lack of compatibility).
•For the rest of examples (CCVaR) the return is unbounded and the risk remain constant (lack of
strong compatibility).
•The caveat above is not consistent with any equilibrium. It is not easy to solve this drawback in the
framework of Levy processes.
•The empirical evidence seems to suggest that pricing models are not so wrong, in the sense that
the theoretical findings above could performance well in practice. In other words, the market portfolio
may be outperformed.
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Evolución del SP500

Compatibility between pricing models and risk measures:
Theoretical approach and empirical evidence
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